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a b s t r a c t
The vertex arboricity ρ(G) of a graph G is the smallest number of colours required to colour
the vertices of G such that no cycle is monochromatic. The list vertex arboricity ρl(G) is the
list-colouring version of this concept. In this paper it is proved for the total graph T (G) of
G that if G is a 2-degenerate graph with maximum degree ∆(G), then ⌈(∆(G) + 1)/2⌉ ≤
ρ(T (G)) ≤ ρl(T (G)) ≤ ⌈(∆(G) + 2)/2⌉. This shows that ρ(T (G)) = ρl(T (G)) when ∆(G)
is even.
We prove further that ρ(T (G)) = ρl(T (G)) = ⌈(∆(G) + 1)/2⌉ if G is a cycle, or a tree
with∆(G) ≥ 2.
© 2012 Elsevier Ltd. All rights reserved.
1. Introduction
All graphs considered in this paper are simple; that is, they do not contain loops or multiple edges. For a graph G we
denote its vertex set, edge set, maximum degree and minimum degree by V (G), E(G),∆(G) and δ(G), respectively.
A graph G is k-degenerate if every subgraph of G contains a vertex of degree atmost k, and the girth of a graph is the length
of its shortest cycle. An outerplanar graph is a graph that can be embedded in the plane with no edges crossing so that every
vertex is in the boundary of the outer face. A graph is subcubic if it has maximum degree ∆ ≤ 3, and so it follows that a
non-regular subcubic graph has the added restriction that δ ≤ 2. A circle graph is a graph that is isomorphic to the intersection
graph of chords of a circle: see [1] formore details, in which it is proved that circle graphs of girth at least 5 are 2-degenerate.
It is well known that the class of 2-degenerate graphs also contains the following classes of graphs; K4-minor-free graphs,
outerplanar graphs, connected non-regular subcubic graphs, planar graphs of girth at least 6.
The vertex arboricity of a graph G, denoted ρ(G), is the smallest number of subsets that the vertices of G can be partitioned
into such that each subset induces an acyclic subgraph, i.e. a forest. Vertex arboricity, also known as point arboricity, was first
introduced in 1968 by Chartrand et al. [2] who proved for any graph Gwith maximum degree∆ that ρ(G) ≤ ⌈(∆+ 1)/2⌉,
and that if G is a planar graph, then ρ(G) ≤ 3. The following year Chartrand and Kronk [3] proved that their result for planar
graphs was sharp and that if G is an outerplanar graph, then ρ(G) ≤ 2. A result analogous to Brooks’s Theorem was proved
for vertex arboricity in 1975 by Kronk and Mitchenm [4]; if G is neither a cycle, nor a complete graph with an odd number
of vertices, then ρ(G) ≤ ⌈∆/2⌉. More recently, in 2008, Raspaud and Wang [5] proved that ρ(G) ≤ 2 if G is a planar graph
with no k-cycles for some fixed k ∈ {3, 4, 5, 6} or no triangles at distance less than 2. Raspaud and Wang also mention that
for k-degenerate graphs G it can be proven by induction on the number of vertices of G that ρ(G) ≤ ⌈(k + 1)/2⌉. In 2012,
Chen et al. [6] proved that ρ(G) ≤ 2 if G is a planar graph with no intersecting triangles.
Equivalently, the vertex arboricity of a graph G can be thought of as the minimum number of colours needed to colour
the vertices of G such that no cycle is monochromatic. Note that such a colouring need not be a proper colouring since
adjacent vertices may be given the same colour. We will call such colourings arboritic to make the distinction from the
concept of acyclic colourings, which were introduced in 1973 by Grünbaum [7] as proper vertex colourings such that no
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cycle is bichromatic. Analogously, an acyclic edge colouring is a proper edge colouring such that no cycle is bichromatic. In
2012, Basavaraju and Chandran [8] obtained results for acyclic edge colourings of 2-degenerate graphs; the main class of
graphs that we study here.
List-colourings, in which each element is coloured from its own list of colours, were introduced independently by
Vizing [9] in 1976 and by Erdős et al. [10] in 1980. In 2000, in the natural way, Borodin et al. [11] combined the ideas of
vertex arboricity and list-colourings to introduce list vertex arboricity, denoted ρl(G); they obtained the list vertex arboricity
analogue of Brooks’s Theorem. In 2009, Borodin and Ivanova [12] proved that ρl(G) ≤ 2 if G is a planar graph without
4-cycles adjacent to 3-cycles. Also in 2009, Zhen and Wu [13] proved that if ρ(G) is close enough to half the number of
vertices of G, then ρ(G) = ρl(G).
Similarly, the arboricity of a graph G, denoted ρ ′(G), is the minimum number of colours needed to colour the edges
of G such that no cycle is monochromatic. The list arboricity, which is denoted ρ ′l (G), is the list-colouring version of the
arboricity. The concept of arboricity was first introduced in 1964 by Nash-Williams [14], who proved for any graph G that
ρ ′(G) = max{⌈|E(H)|/(|V (H)| − 1)⌉ : H is a subgraph of G}. In 1998, Seymour [15] proved that for any graph (or matroid)
G the arboricity and list arboricity are equal; that is, ρ ′(G) = ρ ′l (G).
The line graph L(G) of G is the graph whose vertex set is the edge set of G, where two vertices are adjacent in L(G) if and
only if they correspond to adjacent edges in G. Similarly, the total graph T (G) of G is the graph with vertex set V (G) ∪ E(G),
where two vertices are adjacent in T (G) if and only if they correspond to adjacent or incident elements in G. It follows that
arboricity can be thought of as the vertex arboricity of the line graph. In this paper we introduce total arboricity and list total
arboricity; they are, respectively, vertex arboricity and list vertex arboricity of the total graph T (G) of G.
More formally, let G be a graph with vertex set V (G) and edge set E(G). A total colouring is an assignment of a colour to
every vertex v and every edge e, or, equivalently, an assignment of a colour to every vertex u of the total graph T (G) of G.
Furthermore, G is arboritically totally k-colourable if G has a total colouring for every element u ∈ V (G) ∪ E(G) such that
each colour class induces an acyclic subgraph in the total graph. The smallest integer k such that G is arboritically totally
k-colourable is the total arboricity of G, which is denoted ρ ′′(G). We conjecture the following very tight bounds on the total
arboricity, noting that when∆ is even, ⌈(∆+ 1)/2⌉ = ⌈(∆+ 2)/2⌉.
Conjecture 1. Total Arboricity Conjecture (TAC): for any graph G, ⌈(∆(G)+ 1)/2⌉ ≤ ρ ′′(G) ≤ ⌈(∆(G)+ 2)/2⌉.
A list-assignment L to the elements of G is the assignment of an unordered list L(z) of colours to each element z of G. If
G has a list-assignment L, then a total list-colouring is an assignment of a colour to every vertex v and every edge e from its
own list L(v) or L(e) of colours, or, equivalently, an assignment of a colour to every vertex u of the total graph T (G) of G from
its own list L(u) of colours. Furthermore, G is arboritically totally k-choosable if G has a total list-colouring from all possible
lists L(u) with |L(u)| ≥ k for every element u ∈ V (G) ∪ E(G) such that each colour class induces an acyclic subgraph in
the total graph. The smallest integer k such that G is arboritically totally k-choosable is the list total arboricity of G, which is
denoted ρ ′′l (G). It is clear that ρ
′′
l (G) ≥ ρ ′′(G); in fact, we conjecture that they are equal.
Conjecture 2. List Total Arboricity Conjecture (LTAC): for any graph G, ρ ′′(G) = ρ ′′l (G).
Before proving the main results of this paper we confirm the lower bound given in Conjecture 1, and confirm
Conjectures 1 and 2 for trivial graphs by stating exact results.
Proposition 3. Let G be a graph with maximum degree∆. Then
(i) if ∆ = 0, ρ ′′(G) = ρ ′′l (G) =

∆+1
2
 = 1;
(ii) if ∆ = 1, ρ ′′(G) = ρ ′′l (G) =

∆+2
2
 = 2;
(iii) if ∆ ≥ 2, ∆+12  ≤ ρ ′′(G) ≤ ρ ′′l (G).
Proof. It is clear that ρ ′′(G) ≤ ρ ′′l (G) and that the results hold when∆ = 0 or 1. For∆ ≥ 2, since T (K1,∆) contains K∆+1 as
a subgraph, and no more than two of these∆+ 1 vertices can be given the same colour without creating a monochromatic
cycle, the lower bound of ⌈(∆+ 1)/2⌉ follows. 
Incorporating the results of Proposition 3 with those in the remainder of the paper, we can summarize the situation as
follows.
Theorem 4. The TAC holds for all 2-degenerate graphs, and the LTAC holds for all paths, cycles, trees, and all other 2-degenerate
graphs with even maximum degree. In fact, if G is a graph with maximum degree∆, then
(i) ρ ′′(G) = ρ ′′l (G) =

∆+2
2

if ∆ ≤ 2;
(ii) ρ ′′(G) = ρ ′′l (G) =

∆+1
2

if G is a tree with∆ ≥ 3, or a 2-degenerate graph with even∆;
(iii)

∆+1
2
 ≤ ρ ′′(G) ≤ ρ ′′l (G) ≤ ∆+22  if G is a 2-degenerate graph with odd∆.
It is not known whether Theorem 4(iii) is sharp except when ∆ = 3, in which case any graph with K¯2 + (K1 ∪ K2) as a
block attains the upper bound: see Corollary 12. We will begin by proving Theorem 4 for the more simple classes of graphs;
paths, cycles, and trees. By an abuse of terminology we will call a vertex and an edge neighbours if they are incident since
they correspond to neighbouring vertices in the total graph T (G) of G.
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Fig. 1. T (Cn).
2. Results for paths and cycles
In this section we will prove for both total arboricity and list total arboricity exact results for paths and cycles, which are
presented in the following theorem.
Theorem 5. Let G be a path or cycle with maximum degree∆ = 2. Then ρ ′′(G) = ρ ′′l (G) = ⌈(∆+ 1)/2⌉ = 2.
Proof. By Proposition 3(iii), since 2 ≤ ρ ′′(G) ≤ ρ ′′l (G), it is sufficient to prove that ρ ′′l (G) ≤ 2. Suppose that G is the cycle
v1v2 · · · vnv1 and that each vertex and each edge of G has a list of 2 colours (see Fig. 1 for T (G)). First colour v1, and then
colour each vertex vi different from vi−1, where 2 ≤ i ≤ n − 1. Next, colour v1v2 different from v1 and then each vivi+1
different from vi−1vi, where 2 ≤ i ≤ n − 1. At this stage each coloured vertex of T (G) has at most one neighbour with the
same colour. It remains to colour vn and vnv1.
Give vn a colour that is different from vn−1vn; nomonochromatic cycle is formed since such a cycle would have to contain
v1 whose other coloured neighbours necessarily have colours different from v1. To complete the colouring, give vnv1 a colour
that is different from vn. This does not form a monochromatic cycle, for suppose that it did, then such a cycle must contain
either v1 or v1v2, which necessarily are coloured differently from each other. However, if such a cycle contained v1, then
since vnv1 and vn are coloured differently, it follows that v1 and vn are coloured differently as well. Therefore v1 is coloured
differently from all of its neighbours except vnv1, and hence v1 is not part of a monochromatic cycle. So such a cycle must
contain v1v2, and since v1v2 is coloured differently from v1 and v2v3, it follows that v2 is also part of the monochromatic
cycle. However, since v1v2 and v2v3 are coloured differently, it follows that v2 and v2v3 are coloured differently as well.
Therefore v2 is coloured differently from all of its neighbours except v1v2, and hence v2 is not part of a monochromatic
cycle. These contradictions complete the proof for cycles, and since paths are subgraphs of cycles, the result holds for paths
also. 
In the rest of this paper wemay assume that∆ ≥ 3 since results for∆ ≤ 2 are covered by Proposition 3 and Theorem 5.
3. Results for trees
In this section we will prove for both total arboricity and list total arboricity exact results for trees, which are presented
in the following theorem.
Theorem 6. Let G be a tree with maximum degree∆ ≥ 3. Then ρ ′′(G) = ρ ′′l (G) = ⌈(∆+ 1)/2⌉.
Proof. By Proposition 3(iii), since ⌈(∆ + 1)/2⌉ ≤ ρ ′′(G) ≤ ρ ′′l (G), it is sufficient to prove that ρ ′′l (G) ≤ ⌈(∆ + 1)/2⌉. Fix
the value of∆ ≥ 3 and suppose that G is a minimal tree with maximum degree at most∆ such that ρ ′′l (G) > ⌈(∆+ 1)/2⌉.
Assume that each vertex v and each edge e of G is given a list L(v) or L(e) of ⌈(∆+1)/2⌉ colours such that G has no arboritic
total colouring from these lists. Clearly G is connected. Note that∆/2 < ⌈(∆+ 1)/2⌉.
Claim 7. G does not contain a vertex of degree 1.
Proof. Suppose that v is a vertex of degree 1 in G whose neighbour in G is u. By hypothesis G − v has an arboritic total
colouring from its lists. After applying the colouring of G − v to G, the edge uv has at most ∆ coloured neighbours.
Moreover, these neighbours form a clique, and so at most ⌊∆/2⌋ colours are used twice in the colouring of this clique.
Since ⌊∆/2⌋ < ⌈(∆+1)/2⌉ it follows that uv can be given a colour from its list that is used on at most one of its neighbours.
To complete the arboritic total colouring, give v a colour that is different from u. It is easy to see that at each stage in the
colouring no monochromatic cycle is formed in T (G). This contradiction completes the proof of Claim 7. 
By Claim 7, G has minimum degree at least 2. This contradicts the fact that G is a tree, and hence completes the proof of
Theorem 6. 
4. Results for 2-degenerate graphs
In this section we will prove very tight bounds for both total arboricity and list total arboricity of 2-degenerate graphs.
Note that for odd∆, when∆ = 3, the result is sharp since any graph with K¯2+ (K1∪K2) as a block attains the upper bound:
see Corollary 12. No such graphs are known for other odd values of∆.
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Theorem 8. Let G be a 2-degenerate graph with maximum degree∆ ≥ 3. Then
(i) if ∆ is odd ,

∆+1
2
 ≤ ρ ′′(G) ≤ ρ ′′l (G) ≤ ∆+22 ;
(ii) if ∆ is even , ρ ′′(G) = ρ ′′l (G) =

∆+1
2

.
Proof. Note that when∆ is even ⌈(∆+ 1)/2⌉ = ⌈(∆+ 2)/2⌉, and so by Proposition 3(iii), since ⌈(∆+ 1)/2⌉ ≤ ρ ′′(G) ≤
ρ ′′l (G), it is sufficient to prove thatρ
′′
l (G) ≤ ⌈(∆+2)/2⌉. Fix the value of∆ ≥ 3 and suppose thatG is aminimal 2-degenerate
graph with maximum degree at most ∆ such that ρ ′′l (G) > ⌈(∆ + 2)/2⌉. Assume that each vertex v and each edge e of G
is given a list L(v) or L(e) of ⌈(∆ + 2)/2⌉ colours such that G has no arboritic total colouring from these lists. Clearly G is
connected. Note that∆/2 < ⌈(∆+ 1)/2⌉.
Claim 9. G does not contain a vertex of degree 1.
Proof. The proof is exactly similar to that of Claim 7. 
Claim 10. G does not contain a vertex of degree 2.
Proof. Suppose that v is a vertex of degree 2 inGwhose neighbours inG are x and y. By hypothesisG−v has an arboritic total
colouring from its lists. Note that both vx and vy have at most ∆ coloured neighbours and each of these neighbourhoods
forms a clique.
Suppose that∆ is odd. So at most ⌊∆/2⌋ = ⌈(∆+2)/2⌉−2 colours are used twice on neighbours of vx and similarly for
vy. It follows that both vx and vy have at least 2 colours in their lists that are used atmost once on their coloured neighbours,
and so one such colour can be given to vx and another to vy. To complete the colouring, give v a colour that is different from
those assigned to x and y. It is clear that this completes an arboritic total colouring of G.
So we may assume that ∆ is even. So at most ∆/2 = ⌈(∆ + 2)/2⌉ − 1 colours are used twice on neighbours of vx and
similarly for vy. If possible, give vy a colour from its list that is not used on any of its neighbours. Now vx can be given a
colour from its list that is used on atmost one of its neighbours (excluding vy). It is clear that at this point nomonochromatic
cycle has been formed. Finally, colour v different from y and vx. This does not form amonochromatic cycle, for suppose that
it did, then such a cycle must contain both x and vy. However, since v and vx have different colours it follows that vy and vx
have different colours. Therefore v is the only neighbour of vywith the same colour, and so vy cannot be in amonochromatic
cycle. This contradiction shows that G now has an arboritic total colouring from its lists.
So we may assume that it is not possible to give vy a colour that is not used on any of its neighbours, and so we may
assume that every colour in L(vy) is used on at least one of its neighbours; hence not every colour is used twice. Since∆ is
even this means that at least two colours in L(vy) are used once on neighbours of vy. In this case, give vx a colour from its
list that is used on at most one of its neighbours, give vy a colour from its list that is used on at most one of its neighbours
and different from the colour given to vx. To complete an arboritic total colouring of G, give v a colour from its list that is
different from x and y. It is clear that this does not form a monochromatic cycle, which is the required contradiction. 
By Claims 9 and 10,G hasminimumdegree at least 3, which contradicts the fact thatG is 2-degenerate. This contradiction
completes the proof of Theorem 8. 
Corollary 11. The result of Theorem 8 holds if G is:
(i) an outerplanar graph;
(ii) a K4-minor-free graph;
(iii) a connected non-regular subcubic graph;
(iv) a planar graph of girth at least 6;
(v) a circle graph of girth at least 5.
Proof. It is well-known that each class of graphs in (i)–(iv) is a subclass of 2-degenerate graphs, and it was proven in [1]
that every circle graph of girth at least 5 is 2-degenerate. Therefore in each case the result is immediate. 
Corollary 12. ρ ′′(K¯2 + (K1 ∪ K2)) = ρ ′′l (K¯2 + (K1 ∪ K2)) = 3.
Proof. Since K¯2 + (K1 ∪ K2) is a 2-degenerate graph with maximum degree 3, by Theorem 8 it suffices to show that
ρ ′′(K¯2 + (K1 ∪ K2)) ≠ 2.
Let the vertices of K¯2 + (K1 ∪ K2) be labelled as in Fig. 2. First suppose that a and b are coloured 1. Then to avoid
a monochromatic cycle (in the total graph), d, e and ab must be coloured 2. At this point each of the sets of vertices
{ad, ae}, {bd, be}, {ad, bd} and {ae, be} must be given both colours for otherwise a monochromatic cycle is formed. By
symmetry, without loss of generality we may assume that ad and be are coloured 1, and hence ae and bd are coloured
2. But now none of cd, c and ce can be coloured 2, and they cannot all be coloured the same.
So we may assume that the colours given to a and b are different, say a is coloured 1 and b is coloured 2. Without loss of
generality let d be coloured 1, which means that ad is coloured 2. If e is coloured 1, then ae is coloured 2 (else a, e, ae form
a monochromatic cycle) and c is coloured 2 (else a, e, c, d form a monochromatic cycle). Now cd and ce must be coloured
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Fig. 2. K¯2 + (K1 ∪ K2).
differently for if they were both coloured 1 then they would form a monochromatic cycle with a, e, d, and if they were both
coloured 2 then they would form amonochromatic cycle with c . So, without loss of generality, let cd be coloured 1 and ce be
coloured 2. Now bdmust be coloured 2 and be coloured 1. If ab is coloured 1 then ab, a, e, be form a monochromatic cycle,
and if ab is coloured 2 then ab, b, bd, ad form a monochromatic cycle, and so ab cannot be coloured.
So we may assume that e is coloured 2, and so be is coloured 1. At this point, if bd and ab are coloured the same then a
monochromatic cycle is formed with be or b, if bd and ae are coloured the same then a monochromatic cycle is formed with
a, d, be or b, e, ad, if ab and ae are coloured the same then a monochromatic cycle is formed with be or ad. So we have three
vertices, no two of which can be coloured the same. It follows that in every case 3 colours are required for an arboritic total
colouring. 
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